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1 In this method, the ‘‘real” solid is replaced b
comparison solid”, whose tangent constitutive equatio
ones in the fact that no elastic unloading from the yieThis paper presents the development and illustrates the application of semi-analytical solutions for plas-
tic buckling (bifurcation) problems involving perfectly straight and uniformly compressed thin-walled
metal members. These solutions are derived on the basis of a non-linear Generalised Beam Theory
(GBT) formulation, recently proposed by two of the authors, that resorts to a linearised buckling analysis
that adopts Hill’s hypo-elastic comparison solid method to obtain the plastic bifurcation loads and asso-
ciated buckling mode shapes. Moreover, both J2 small-strain incremental and deformation plasticity the-
ories are employed. Several numerical illustrative examples are presented and discussed throughout the
paper and closed-form analytical formulae are also derived. The accuracy of the GBT-based semi-analyt-
ical plastic bifurcation predictions is assessed through the comparison with (i) available theoretical solu-
tions and/or (ii) results yielded by a special shell ﬁnite element model developed by one of the authors.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Plastic buckling (bifurcation) remains a domain in which ana-
lytical results are rather scarce, particularly in comparison with
the situation concerning the buckling behaviour of elastic mem-
bers and structures (Nguyen, 2000). The incremental and irre-
versible nature of the elastic–plastic constitutive equations
makes it generally necessary to resort to numerical methods in
order to detect (exactly or approximately) bifurcations and fol-
low up the corresponding bifurcated branches (e.g., Bazant and
Cedolin, 1991; Cimetière and Léger, 1996 or Le Grognec and Le
van, 2008). Concerning this matter, Hill (1956, 1958) introduced
the ‘‘hypo-elastic comparison solid method”,1 which was subse-
quently generalised by Raniecki for non-associated ﬂow rules
(Raniecki, 1979; Raniecki and Bruhns, 1981 or Bigoni, 2000). The
bifurcation of the comparison solid constitutes a necessary condi-
tion for the bifurcation of the real solid, which becomes also a suf-
ﬁcient condition whenever the whole plastic zone is active in the
fundamental solution (the so-called ‘‘total loading” condition – seell rights reserved.
; fax: +33 (0) 3 27 71 29 81.
(R. Gonçalves), legrognec@
.pt (D. Camotim).
y a so-called ‘‘hypo-elastic
ns differ from the ‘‘real” solid
ld surface is allowed.Hutchinson (1974)). This approach is commonly viewed as the
generalisation of the tangent modulus theory developed by Enges-
ser (1889) for uniformly compressed columns, later validated by
Shanley (1946, 1947).
It is well-known that bifurcation loads determined on the basis
of the incremental theory of plasticity overestimate, sometimes
considerably, the experimental results, which in turn exhibit a
better agreement with those provided by the deformation theory
of plasticity (e.g., Hutchinson, 1974; Bazant and Cedolin, 1991 or
Nguyen, 2000). In this context, the experimental results reported
by Gerard and Becker (1957), concerning uniformly compressed
simply supported aluminium cruciform columns, play a historical
role. The paradox involving the plastic bifurcation analyses based
on deformation and incremental theories of plasticity attracted
the attention of several researchers (e.g., Drucker, 1949; Cicala,
1950; Bijlaard, 1950; Onat and Drucker, 1953; Hutchinson,
1974; Hutchinson and Budiansky, 1976; Needleman and Tverg-
aard, 1982 or Gjelsvik and Lin, 1987), with the discussion mostly
focused on the inﬂuence of the initial geometrical imperfections
and the possible development of corners on the yield surface.
However, today it seems fair to say that most researchers agree
that the differences between the experimental and incremental
theory results stem mainly from a high sensitivity to initial geo-
metrical imperfections (e.g., Brochard and Combescure, 1987;
Tugˇcu, 1998; Chakrabarty, 2002 or Nguyen, 2000). In fact, defor-
mation theory provides results that are in better agreement with
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like a vertex in the yield surface (Needleman and Tvergaard,
1982).
Generalised Beam Theory (GBT), which was originally devel-
oped by Schardt (e.g., 1966, 1989, 1994a), may be viewed as an
extension of Vlasov’s prismatic thin-walled bar theory that takes
into account cross-section distortion and wall transverse bending.
Due to its unique modal decomposition features, GBT has been
established as an extremely versatile and computationally efﬁcient
approach to analyse the local and global structural response of
thin-walled members, particularly when compared with the more
traditional ﬁnite strip (FS) and shell ﬁnite element (SFE) methods
(e.g., Camotim et al., 2004, 2006).
Two of the authors have recently developed and implemented
numerically a GBT formulation that is computationally very efﬁ-
cient and makes it possible to calculate plastic bifurcation loads
in thin-walled members (Gonçalves and Camotim, 2004, 2007),
through FEM-based linear stability analyses, i.e., buckling analyses
that neglect the geometrically non-linear effects associated with
the pre-buckling displacements. However, due to (i) the extreme
scarcity of analytical solutions for plastic buckling problems
involving thin-walled members and (ii) the fact that the currently
available SFE or FS commercial software packages do not offer the
possibility of calculating plastic bifurcation loads, it was not possi-
ble to validate and assess the accuracy of most GBT-based numer-
ical results. This situation was recently altered through the
cooperation with the remaining author, who developed and imple-
mented a SFE model capable of (i) handling ﬁnite rotations, (ii) fol-
lowing non-linear equilibrium paths (also non-monotonic ones)
with speciﬁc arc-length methods, (iii) detecting the occurrence of
elastic–plastic bifurcations and (iv) examining the corresponding
bifurcated equilibrium paths by means of branch-switching tech-
niques (Le Grognec, 2001). The ﬁrst (preliminary) results stemming
from this cooperation were already published (Gonçalves et al.,
2006).
On the other hand, GBT offers remarkable capabilities concern-
ing the development of analytical or semi-analytical formulae for
a wide range of problems. Such capabilities have been already ex-
plored in the context of the elastic bifurcation of thin-walled
members (e.g., Schardt, 1989, 1994b or Silvestre and Camotim,
2004a,b,c). The aim of this paper is to do the same for plastic
bifurcation problems, namely by deriving GBT-based semi-analyt-
ical buckling formulae for uniformly compressed and perfectly
straight thin-walled members. The plastic bifurcation loads and
associated buckling mode shapes are obtained from linear stabil-
ity analyses (the evolution and stability of the bifurcated equilib-
rium paths is not addressed) based on both J2 small-strain
incremental and deformation theories of plasticity. In this paper,
besides presenting and discussing new numerical results, one also
revisits published ones, either because semi-analytical solutions
have now been derived or to show comparisons with Le Grognec’s
SFE results.2. Elastic–plastic constitutive equations
2.1. Incremental theory
Since this work is restricted to small strains, the Green–La-
grange strain tensor can be decomposed into an elastic and a plas-
tic parts, i.e., one has
E ¼ Ee þ Ep: ð1Þ
Assuming a St. Venant–Kirchhoff material law, the elastic
strains Ee are related to their work-conjugate second Piola–Kirch-
hoff stresses S byS ¼ CeEe ¼ CeðE  EpÞ; ð2Þ
where Ce is the 4th order elastic constitutive tensor. One now intro-
duces an alternative notation, according to which the previous
equation is rewritten using ‘‘vectorial forms” of 2nd order tensors,
identiﬁed by the subscript ‘‘v”. Therefore, (2) becomes
Sv ¼ CeEev ¼ CeðEv  EpvÞ ð3Þ
in the 6-dimensional space
½Ev t ¼ Exx Eyy Ezz 2Exy 2Exz 2Eyz½  ð4Þ
½Sv t ¼ Sxx Syy Szz Sxy Sxz Syz½  ð5Þ
and an orthogonal coordinate system (x,y,z) is adopted. In the case
of a St. Venant–Kirchhoff material law, one has
½Ce ¼
Cexxxx C
e
xxyy C
e
xxzz 0 0 0
Ceyyyy C
e
yyzz 0 0 0
Cezzzz 0 0 0
Cexyxy 0 0
Cexzxz 0
Sym: Ceyzyz
2
6666666664
3
7777777775
ð6Þ
Cexxxx ¼ Ceyyyy ¼ Cezzzz ¼ kþ 2l
Cexxyy ¼ Cexxzz ¼ Ceyyzz ¼ k ð7Þ
Cexyxy ¼ Cexzxz ¼ Ceyzyz ¼ l
where k and l are the Lamé constants, related to E, G and m (Young’s
modulus, shear modulus and Poisson’s ratio) by
k ¼ Emð1þ mÞð1 2mÞ l ¼ G ¼
E
2ð1þ mÞ : ð8Þ
According to J2 (von Mises) theory with isotropic strain harden-
ing, the yield function f is given by
f ðJ2; epÞ ¼ reðJ2Þ  ryðepÞ ð9Þ
where the effective stress re depends on J2 (second invariant of the
deviatoric stresses) and the yield stress ry is a function of the equiv-
alent plastic strain ep,
reðJ2Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3J2
p
¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
3=2
p
kdevðSÞk ð10Þ
ep ¼
Z t
0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2=3
p
kdEpk: ð11Þ
For an associated ﬂow rule, the plastic strain evolves perpendic-
ularly to the yield surface, i.e.,
dEp ¼ dcN; ð12Þ
where dc ¼ dep is the plastic multiplier and the normal N is given by
the expression
N ¼ df
dS
¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
3=2
p devðSÞ
kdevðSÞk : ð13Þ
The consistency condition df = 0 yields
dc ¼ Nv  CedEv
Nv  CeNv þ H0
ð14Þ
where
½Nv t ¼ Nxx Nyy Nzz 2Nxy 2Nxz 2Nyz½  ð15Þ
and the hardening modulus is a function of the uniaxial tangent
modulus Et ,
H0 ¼ dry
dep
¼ Et
1 Et=E : ð16Þ
Using the vectorial forms, the differentiation of (3) leads to
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with the tangent elastic–plastic constitutive operator given by
Ct ¼ Ce 1 Nv  NvCeNv  CeNv þ H0
 
: ð18Þ2.2. Deformation theory
According to J2 deformation theory (Hencky, 1924), the incre-
mental relation (12) is replaced by one involving the total plastic
deformation ep, namely
Ep ¼ epN; ð19Þ
where the normal N is again given by (13) and ep, obtained from an
uniaxial stress–strain curve, is given by
ep ¼ e ee ¼ 1Es 
1
E
 
re ¼ reH0s
; ð20Þ
where Es ¼ r=e is the uniaxial secant modulus and H0s is the secant
hardening modulus, provided by the expression
H0s ¼
Es
1 Es=E : ð21Þ
Incorporating (20), (21) and (10) into (19), one obtains
Ep ¼ 32H0s
devðSÞ ð22Þ
and the ‘‘total” constitutive relation becomes
S ¼ CeðE  EpÞ ¼ CeðE  epNÞ ¼ Ce E  32H0s
devðSÞ
 
: ð23Þ
In order to obtain the corresponding incremental relation, one
must differentiate this equation, which leads to (adopting the vec-
torial forms)
dSv ¼ CeðdEv  depNv  ep dNvÞ: ð24Þ
Taking into account that
dNv ¼ 32re PdSv 
Nv
re
ðNv  dSvÞ ¼ 32P  Nv  Nv
 
dSv
re
; ð25Þ
where
½P ¼
2=3 1=3 1=3 0 0 0
1=3 2=3 1=3 0 0 0
1=3 1=3 2=3 0 0 0
0 0 0 2 0 0
0 0 0 0 2 0
0 0 0 0 0 2
2
666666664
3
777777775
; ð26Þ
the above incremental relation may be simpliﬁed to
dSv ¼ CðdEv  depNvÞ ð27Þ
C ¼ 1þ Ce 32P  Nv  Nv
 
1
H0s
 1
Ce: ð28Þ
As for the incremental theory, the consistency condition leads
again to the derivation of an expression for dep, given by
dep ¼ Nv  C dEv
Nv  CNv þ H0
; ð29Þ
which, upon substitution in (27), yieldsdSv ¼ Ct dEv ð30Þ
Ct ¼ C 1 Nv  NvC
Nv  CNv þ H0
 !
: ð31Þ
The tangent constitutive operators (31) and (18) differ in the
presence of either C or Ce. Taking into account (24), one concludes
that they coincide ðC ¼ CeÞwhenever there is (i) no variation of the
normal ðdN ¼ 0Þ or (ii) a null equivalent plastic strain ðep ¼ 0Þ,
which implies that Es ¼ E.
It is important to emphasise that, unlike incremental theory,
deformation theory does not take into consideration the true
deformation history. In fact, (19) and (20) imply that both the
equivalent plastic strain and direction of plastic deformation de-
pend exclusively on the ‘‘point of arrival”, regardless of the path
followed to reach it. It is precisely due to this feature that the term
associated with the variation of the normal ðdNÞ appears in the
incremental relation (24), thus leading to different C and Ce.
Finally, it is worth ﬁnding under which conditions the two
above tangent constitutive operators coincide with the elastic
one (i.e., Ct ¼ CeÞ. In the incremental theory, this occurs if and only
if Nv  Ce dEv ¼ 0, i.e., the elastic prediction Ce dEv is tangent to the
yield surface. In the deformation theory, one must have
Nv  C dEv ¼ 0, i.e., the ‘‘pseudo elastic prediction” C dEv tangent
to the yield surface. The two conditions obviously coincide if
C ¼ Ce.
Next, one obtains the tangent constitutive operator components
for the particular case of initial uniaxial stress states.2.3. Uniaxial initial stress states
For uniaxial initial stress states along the fundamental path (say
Sxx – 0), one has½Sv t ¼ Sxx 0 0 0 0 0½  ð32Þ
½Nv t ¼ 12 2 1 1 0 0 0½ : ð33Þ
The following notation is adopted for the tangent constitutive
operator components:½Ct  ¼
Cxxt C
xy
t C
xz
t 0 0 0
Cyyt C
yz
t 0 0 0
Czzt 0 0 0
Gt 0 0
Gt 0
Sym: Gt
2
666666664
3
777777775
: ð34Þ
For the incremental and deformation theories, applying (18)
and (31) leads respectively toCxxt ¼
3klþ 2l2 þ ð2lþ kÞH0
3lþ H0
Cyyt ¼ Czzt ¼
3klþ 5l2 þ ð2lþ kÞH0
3lþ H0
Cxyt ¼ Cxzt ¼
3klþ 2l2 þ kH0
3lþ H0
Cyzt ¼
3kl l2 þ kH0
3lþ H0
Gt ¼ G
ð35Þand
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3klþ 2l2 þ ð2lþ kÞH0
3lþ H0
Cyyt ¼ Czzt ¼ kþ lþ
lH0sð2lþ H0Þ  3l3
ð3lþ H0Þð3lþ H0sÞ
Cxyt ¼ Cxzt ¼
3klþ 2l2 þ kH0
3lþ H0 :
Cyzt ¼ kþ l
lH0sð4lþ H0Þ þ 3l3
ð3lþ H0Þð3lþ H0sÞ
Gt ¼ E2m 1þ 3E=Es
ð36Þ
Future developments include the investigation of situations in
which some incremental stress ðdSÞ components are null. For an
incremental plane stress (xy plane), the constraint equations
dSzz ¼ dSxz ¼ dSyz ¼ 0 make it possible to work in the reduced 3-
dimensional space
½Sv t ¼ Sxx Syy Sxy½  ð37Þ
½Ev t ¼ Exx Eyy 2Exy½  ð38Þ
½Ct  ¼
Cxxt C
xy
t 0
Cyyt 0
Sym: Gt
2
664
3
775: ð39Þ
One then has
Cxxt ¼
E2 þ 4EH0
ð5 4mÞE ðm2  1Þ4H0
Cyyt ¼
4E2 þ 4EH0
ð5 4mÞE ðm2  1Þ4H0
Cxyt ¼
2E2 þ 4mEH0
ð5 4mÞE ðm2  1Þ4H0 ; ð40Þ
Gt ¼ G
for the incremental theory, andFig. 1. Variation of the normalised values of the components of the constitutive operato
strain e.Cxxt ¼
E2 þ 3E2H0=Es þ EH0
ð3E=Es þ 2 4mÞE ð4m2  3E=Es  1ÞH0
Cyyt ¼
4E2 þ 4EH0
ð3E=Es þ 2 4mÞE ð4m2  3E=Es  1ÞH0
Cxyt ¼
2E2 þ 4mEH0
ð3E=Es þ 2 4mÞE ð4m2  3E=Es  1ÞH0
;
Gt ¼ E2m 1þ 3E=Es
ð41Þ
for the deformation theory. In the (further reduced) 2-dimensional
space
½Sv t ¼ Sxx Sxy½  ð42Þ
½Ev t ¼ Exx 2Exy½  ð43Þ
½Ct ¼ C
xx
t 0
0 Gt
 
ð44Þ
corresponding to the additional assumption dSyy ¼ 0, one obtains
Cxxt ¼ Et Gt ¼ G; ð45Þ
for the incremental theory, and
Cxxt ¼ Et Gt ¼
E
2m 1þ 3E=Es ð46Þ
for the deformation theory.
In order to provide a better quantiﬁcation of the differences be-
tween the two plasticity theories, Fig. 1 shows how the compo-
nents of the plane stress tangent constitutive operators (40)
(incremental theory) and (41) (deformation theory), normalised
with respect to the corresponding elastic values, vary with the total
uniaxial strain e, for an uniaxial constitutive relation of the Ram-
berg–Osgood type (Ramberg and Osgood, 1943)
e ¼ r
E
þ 0:002 r
r0:2
 a
ð47Þ
with E = 70 GPa, r0:2 ¼ 200 MPa; m ¼ 0:3 and a ¼ 5, values corre-
sponding to a typical aluminium alloy (e.g., Mazzolani and Valtinat,
1992). These results clearly indicate that, with the exception of Cxxt ,
(i) there are signiﬁcant differences between the two theories andrs (40) (incremental theory) and (41) (deformation theory) with the total uniaxial
38 R. Gonçalves et al. / International Journal of Solids and Structures 47 (2010) 34–50(ii) deformation theory predicts a much more ‘‘ﬂexible” material
behaviour.
3. Bifurcation equation – Linearised buckling analysis
At a bifurcation point, at least two solutions satisfy the incre-
mental virtual work equation
DdWintð/Þ½D/ð1ÞþDdWextð/;kÞ½D/ð1ÞþDdWextð/;kÞ½Dk¼0 ð48Þ
DdWintð/Þ½D/ð2ÞþDdWextð/;kÞ½D/ð2ÞþDdWextð/;kÞ½Dk¼0; ð49Þ
where D  ½a is the standard directional derivative along direction a
(e.g., Bonet and Wood, 1997), k is the loading parameter and /
groups all kinematic parameters required to deﬁne the solid conﬁg-
uration (a total Lagrangian description is assumed). Subtracting the
two equations, one is led to the eigenvalue problem deﬁned by
DdWð/; kÞ½D/ ¼ 0 ð50Þ
where D/ ¼ D/ð1Þ  D/ð2Þ. For bifurcations under neutral equilib-
rium, one has Dk ¼ 0 for both solutions and, thus, the eigenvalue
problem may be directly obtained from (48) or (49).
In linearised buckling analyses (also termed linear stability analy-
ses), the fundamental path is determined neglecting all geometrical
non-linear effects. The bifurcation problem is then ‘‘reduced” to the
simpler initial stress problem (i.e., / ¼ 0 but S – 0)
DdWð0; kÞ½D/ ¼ 0: ð51Þ
In the following, it is assumed that the displacement vector U is
a linear function of the parameters contained in / (which is true in
GBT analyses – see Section 4). Then, DdU ¼ 0 and DdD ¼ 0, where D
is the displacement derivative tensor, and one has
DdWext ¼ 0: ð52Þ
Using the second Piola–Kirchhoff stress tensor S and its work-
conjugate Green–Lagrange strain tensor E, the directional deriva-
tive of the internal virtual work reads
DdWint½D/ ¼ 
Z
V0
ðdE : CtDE þ S : DdEÞdV0; ð53Þ
where V0 is the initial volume of the solid and Ct is the tangent con-
stitutive operator of the associated hypo-elastic comparison solid.
Since this directional derivative is calculated in the initial conﬁgu-
ration ð/ ¼ 0Þ, one has
dE ¼ de ð54Þ
DE ¼ De ð55Þ
DdE ¼ symðDdDþ DDtdDÞ; ð56Þ
where e ¼ 1=2ðDþ DtÞ is the small-strain tensor. Then, recalling
that DdD ¼ 0, one may write the bifurcation equation as
DdWð0; kÞ½D/ ¼ 
Z
V0
ðde : CtDeþ S : DDtdDÞdV0 ¼ 0: ð57Þ
Finally, for initial uniaxial stress states ðSxx – 0Þ and using vec-
torial forms, the bifurcation equation may be further simpliﬁed toZ
V0
ðdev  CtDev þ Sxx½DDtdDxxÞdV0 ¼ 0: ð58ÞFig. 2. Arbitrary thin-walled member geometry and local coordinate systems.4. GBT-based semi-analytical solutions
4.1. Overview of the GBT kinematic description
The performance of a GBT analysis involves two main tasks,
namely (i) a ‘‘cross-section analysis”, which leads to the identiﬁca-
tion and characterisation of its deformation modes, and (ii) a‘‘member analysis” (ﬁrst-order, buckling, vibration, etc.), yielding
the solution of the appropriate differential equilibrium equations.
Complete and in-depth descriptions of the concepts and proce-
dures engaged in each task can be found in the literature (e.g.,
Schardt, 1989; Camotim et al., 2004). The purpose of this subsec-
tion is to provide a brief account of the GBT kinematic description,
whereas the following subsection addresses the semi-analytical
plastic bifurcation solutions (the ‘‘member analysis” output).
Consider the arbitrary thin-walled prismatic member depicted
in Fig. 2, which shows also the mid-surface local axes (x,y,z).
According to the standard GBT approach, the wall displacement
components, measured along the local axes, are obtained by means
of Kirchhoff’s plate theory
Ux ¼ u zw;x Uy ¼ v  zw;y Uz ¼ w; ð59Þ
where u, v and w are the wall mid-surface displacement compo-
nents along x, y and z. These displacement components are ex-
pressed as
uðx; yÞ ¼ uðyÞ  /;xðxÞ; vðx; yÞ ¼ vðyÞ  /ðxÞ;
wðx; yÞ ¼ wðyÞ  /ðxÞ; ð60Þ
where u; v and w are N-dimensional vectors, containing the com-
ponents of the N cross-section deformation modes (obtained from
the ‘‘cross-section analysis”), and /ðxÞ is the N-dimensional vector
of the associated modal amplitude functions /ð1ÞðxÞ  /ðNÞðxÞ, which
constitute the problem unknowns.
The small-strain tensor e follows directly from (59), (60). In
component form, separating membrane and bending terms, one
has
½ev  ¼
exx
eyy
cxy
2
64
3
75 ¼
eMxx
eMyy
cMxy
2
64
3
75þ
eBxx
eByy
cBxy
2
64
3
75 ¼ ½eMv  þ ½eBv  ð61Þ
½eMv  ¼
u  /;xx
v ;y  /
ðu;y þ vÞ  /;x
2
64
3
75; ½eBv  ¼ z
w  /;xx
w;yy  /
2 w;y  /;x
2
64
3
75: ð62Þ
According to the standard GBT procedure, followed in this work,
null membrane transverse extensions and shear strains are en-
forced on the deformation modes, by means of the constraint
equations
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cMxy ¼ 0 ) u;y ¼ v ; ð64Þ
which means that the longitudinal extension eMxx is the only non-null
membrane strain term.
The calculation of the deformation modes (i.e., the cross-section
analysis, not addressed in this paper) takes into account the previ-
ous constraint equations and leads to an hierarchical set of modes,
where (i) the ﬁrst four are the classic prismatic bar theory modes
(extension, major and minor axis bending and torsion about the
shear centre) and (ii) the remaining ones involve cross-section dis-
tortion and local-plate bending (see Figs. 6 and 10, which concern
the illustrative examples).
4.2. Semi-analytical solutions for plastic uniformly compressed
members
For an elastic–plastic material behaviour, the incremental stres-
ses are calculated from the incremental strains using the tangent
constitutive operators derived in Section 2.3. For the (only non-
null) membrane term, one has
dSxx ¼ Et deMxx ð65Þ
and, following the conventional GBT approach, a plane stress state
is assumed for the bending terms, thus yielding
dSBxx
dSByy
dSBxy
2
664
3
775 ¼ ½CBt 
deBxx
deByy
dcBxy
2
64
3
75 ð66Þ
½CBt  ¼
Cxxt C
xy
t 0
Cyyt 0
Sym: Gt
2
64
3
75; ð67Þ
where the tangent constitutive matrix components are given in (40)
(incremental theory) and (41) (deformation theory).
In uniformly compressed and perfectly straight thin-walled
members, the membrane longitudinal normal stresses SMxx are the
only non-null stress components along the fundamental path, con-
stant within the whole member volume at a given load level. In
this particular case, the fundamental solution satisﬁes the total
loading condition and the analysis of the comparison solid pro-
vides true plastic bifurcation loads (Hutchinson, 1974). Replacing
SMxx by the bifurcation stress rb and noting that the displacement
vector U is a linear function of /, the bifurcation equation (58)
becomesZ
V0
EtdeMxxDe
M
xx þ deBv  CBtDeBv
 
dV0
þ rb
Z
V0
½ðDDMÞtdDMxx dV0 ¼ 0: ð68Þ
In order to proceed, it is necessary to calculate ½DDtdDxx. After
some algebraic manipulation, one obtains
½DDtdDxx ¼ d/;xx  ðu uÞD/;xx þ d/;xðv  v þ w wÞD/;x: ð69Þ
Then, the use of the fundamental lemma of the calculus of vari-
ations leads to the bifurcation differential equation system and
associated boundary conditions given by
ðC þ XsÞ/;xxxx  ðDþ XrÞ/;xx þ B/ ¼ 0 ð70Þ
d/;x  ððC þ XsÞ/;xx þ Ds/ÞjL0 ¼ 0 ð71Þ
d/  ððC þ XsÞ/;xxx þ ðDs  Dr  XrÞ/;xÞjL0 ¼ 0; ð72Þ
where L is the member length, the preﬁx D of /was dropped to alle-
viate the notation and the GBT modal matrices (B, C, D and X) readB ¼
Z
C
Cyyt t
3
12
w;yy  w;yydy
C ¼ Cr þ Cs
Cr ¼
Z
C
Ettu udy Cs ¼
Z
C
Cxxt t
3
12
w wdy
D ¼ Dr  Ds  Dst
Dr ¼
Z
C
Gtt3
3
w;y  w;y dy Ds ¼
Z
C
Cxyt t
3
12
w w;yy dy
Xs ¼
Z
C
tSMxxu udy Xr ¼
Z
C
tSMxxðv  v þ w wÞdy; ð73Þ
with t being the wall thickness and C the cross-section mid-line.
The bifurcation equation (70) and associated boundary condi-
tions may be employed to obtain semi-analytical solutions for arbi-
trary boundary conditions (see Section 5.2). However, far-reaching
conclusions can be drawn if these equations are specialised for
members simply supported in the longitudinal direction (end sec-
tions pinned locally and globally, and free to warp). In fact, semi-
analytical solutions cannot be reached for most boundary condi-
tions, which must then be handled by means of a beam ﬁnite ele-
ment implementation, such as the one developed by Gonçalves and
Camotim (2007). Moreover, it should be pointed out that (i) simply
supported members constitute the most typical and widely used
benchmark problems in the buckling literature and (ii) the local-
plate and/or distortional buckling behaviour of sufﬁciently long
members is virtually unaffected by the end support conditions,
which means that the semi-analytical solutions obtained for sim-
ply supported members also apply to ‘‘long enough” members with
other support conditions.
For members simply supported in the longitudinal direction,
sinusoidal modal amplitude functions provide exact solutions
½/ ¼ sin mpx
L
  /ð1Þ
..
.
/ðNÞ
2
664
3
775 ð74Þ
where m is the number of longitudinal half-waves of the buckling
mode and the scalars /ð1Þ  /ðNÞ represent the contributions of the
corresponding deformation mode to the member buckling mode.
Since the number of degrees of freedom is equal to the number of
deformation modes included in the analysis (N), this formulation
leads to an obvious computational economy with respect to SFE
analyses.
Incorporating (74) into (70), the eigenvalue problem becomes
m2p2
L2
C þ Dþ L
2
m2p2
Bþ rbX
 !
/ ¼ 0; ð75Þ
where the new modal matrix X is given by
X ¼
Z
C
t v  v þ w wþm
2p2
L2
u u
 
dy
¼
Z
C
tðv  v þ w wÞdyþm
2p2
EtL
2 C
r: ð76Þ
The last term in this expression reﬂects the inﬂuence of the lon-
gitudinal displacements and is routinely discarded (e.g., Prola, 2001
or Silvestre, 2005) – this term will also be omitted in this work. The
bifurcation stresses may then be determined from the characteris-
tic equation
det
m2p2
L2
C þ Dþ L
2
m2p2
Bþ rbX
 !
¼ 0 ð77Þ
and the corresponding buckling modes from (75).
40 R. Gonçalves et al. / International Journal of Solids and Structures 47 (2010) 34–50The bifurcation stress associated with buckling in a single defor-
mation mode (say mode kÞ can be readily obtained by means of the
expressions
rðkÞb ¼
1
½Xkk
m2p2
L2
½Ckk þ ½Dkk þ
L2
m2p2
½Bkk
 !
ð78Þ
/ðkÞ ¼ sin mpx
L
 
; ð79Þ
which constitute the generalisation, for thin-walled members made
of elastic–plastic materials, of expressions derived earlier by
Schardt (1994a,b), in the context of linear elastic members.
Although (78) is non-linear (the tangent constitutive operator com-
ponents appearing in matrices C, D and B also depend on the ap-
plied stress), note that while the ﬁrst term decreases with L, the
last one (associated with transverse plate bending) increases with
L. As recognized by Schardt, the minimum bifurcation stress occurs
for
Lmin ¼ mp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½Ckk=½Bkk4
q
ð80Þ
and corresponds to
rðkÞb;min ¼
1
½Xkk
ð½Dkk þ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½Bkk½Ckk
q
Þ: ð81Þ
For the four Vlasov cross-section deformation modes, namely
axial extension, major and minor axis bending and torsion (about
the shear centre), the GBT matrix components read
½C11 ¼ EtX ½D11 ¼ 0 ½B11 ¼ 0 ½X11 ¼ 0 ð82Þ
½C22 ¼ EtII ½D22 ¼ 0 ½B22 ¼ 0 ½X22 ¼ X ð83Þ
½C33 ¼ EtIII ½D33 ¼ 0 ½B33 ¼ 0 ½X33 ¼ X ð84Þ
½C44 ¼ EtIx ½D44 ¼ GtJ ½B44 ¼ 0 ½X44 ¼ i2cX; ð85Þ
where X is the cross-section area, II and III are the second moments
of area about the centroidal principal axes, Ix is the warping con-
stant, J is St. Venant’s torsional constant and iC is the polar radius
of gyration (also about the shear centre). For modes 2–4, the use
of (78) immediately leads to the classical tangent modulus formulae
rð2Þb ¼
1
X
m2p2EtII
L2
ð86Þ
rð3Þb ¼
1
X
m2p2EtIII
L2
ð87Þ
rð4Þb ¼
1
i2CX
m2p2EtIx
L2
þ GtJ
 
: ð88Þ
For the higher order distortional modes, analytical formulae for
the associated matrix C, D, B and X components are available for
lipped channel, hat, zed and rack-section members (Schardt,
1989, 1994b or Silvestre and Camotim, 2004a,b,c). Although these
formulae were developed in the context of linear elastic thin-
walled members, they can also be applied to elastic–plastic ones,
just by using the appropriate tangent constitutive operator
components.5. Illustrative examples
5.1. Fully simply supported rectangular plates
For rectangular plates simply supported along all edges, with
length L and width b, and subjected to uniform longitudinal com-
pression, the exact solutions are given by (74) and½u ¼ ½v  ¼ ½0; ½ w ¼
sinðpy=bÞ
..
.
sinðNpy=bÞ
2
664
3
775; ð89Þ
thus yielding the GBT modal matrices (1 is the N  N identity
matrix)
Cr ¼ 0 Cs ¼ C
xx
t bt
3
24
1
Dr ¼ Gtp
2t3
6b
diagf12; . . . ;N2g Ds ¼ C
xy
t p2t3
24b
diagf12; . . . ;N2g:
B ¼ C
yy
t p4t
3
24b3
diagf14; . . . ;N4g X ¼ bt
2
1 ð90Þ
Since all these matrices are diagonal, no mode coupling occurs
and the critical buckling mode always exhibits a single half-wave
along y (i.e., mode k = 1). From (78), the bifurcation stress is then
given by
rb ¼  p
2
tb2
b2m2
L2
Kxx þ 2Kxy þ L
2
b2m2
Kyy
 !
; ð91Þ
where
Kxx ¼ C
xx
t t
3
12
; Kyy ¼ C
yy
t t
3
12
; Kxy ¼ t
3
12
ðCxyt þ 2GtÞ; ð92Þ
and coincides with the classical expression obtained by Handelman
and Prager (1948). Expression (91) may be also written as
rb ¼ p
2
b2
m2Cxxt
12L2
þ C
xy
t þ 2Gt
6
þ C
yy
t L
2
12m2
 !
; ð93Þ
where L ¼ L=b and b ¼ b=t. For a given L ratio, the m value corre-
sponding to the lowest (critical) stress is given by
m ¼ IntðL
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Cyyt =C
xx
t
4
q
Þ ð94Þ
where Int(a) is the integer adjacent to a leading to the true critical
stress. Finally, (81) provides the lowest bifurcation stress, given by
rb;min ¼  p
2
6b2
ðCxyt þ 2Gt þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Cxxt C
yy
t
q
Þ: ð95Þ5.2. Simply supported and built-in rectangular plates
If the x = 0 edge is built-in (clamped), the critical deformation
mode still exhibits a single half-wave sinusoid along the y direction
and, therefore, only the ﬁrst term of the GBT modal matrices (90)
applies. However, due to the non-simply supported edge, one must
resort to the more general equation system (70), which now re-
duces to the single equation
½C11/;xxxx  ð½D11 þ rb½X11Þ/;xx þ ½B11/ ¼ 0: ð96Þ
In general, one has ½D11 þ rb½X11 << 0 and the solution reads
/ ¼ A1 cosðaxÞ þ A2 sinðaxÞ þ A3 cosðbxÞ þ A4 sinðbxÞ
¼ A1 cosðatbLxÞ þ A2 sinðatbLxÞ þ A3 cosðbtbLxÞ þ A4
 sinðbtbLxÞ; ð97Þ
with x ¼ x=L and
a ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½D11  rb½X11 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð½D11 þ rb½X11Þ2  4½B11½C11
q
2½C11
vuut ð98Þ
at¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2GtþCxyt Þðp=bÞ26rbþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðð2GtþCxyt Þðp=bÞ2þ6rbÞ2Cxxt Cyyt ðp=bÞ4
q
Cxxt
vuut
ð99Þ
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½D11  rb½X11 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð½D11 þ rb½X11Þ2  4½B11½C11
q
2½C11
vuut ð100ÞFig. 4. Local-plate buckling mode shape for a rectangular hollow section stub-
column.bt¼
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ð2GtþCxyt Þðp=bÞ26rbþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðð2GtþCxyt Þðp=bÞ2þ6rbÞ2Cxxt Cyyt ðp=bÞ4
q
Cxxt
vuut
:
ð101Þ
The longitudinal boundary conditions are
/ð0Þ ¼ 0 ) A3 ¼ A1 ð102Þ
/;xð0Þ ¼ 0 ) A4 ¼ A2
a
b
ð103Þ
/ðLÞ ¼ 0 ) A1ðcosðaLÞ  cosðbLÞÞ
þ A2 sinðaLÞ  ab sinðbLÞ
 
¼ 0 ð104Þ
/;xxðLÞ ¼ 0 ) A1ðb2 cosðbLÞ  a2 cosðaLÞÞ
þ A2ðab sinðbLÞ  a2 sinðaLÞÞ ¼ 0 ð105Þ
and, in order to ensure a non-trivial solution for A1 and A2, the bifur-
cation loads are obtained by solving (numerically) the characteristic
equation associated with (104) and (105), i.e.,
aðb2a2ÞcosðaLÞsinðbLÞþbða2b2ÞcosðbLÞsinðaLÞ¼0
()aðb2a2ÞcosðatbLÞsinðbtbLÞþbða2b2ÞcosðbtbLÞsinðatbLÞ¼0:
ð106Þ
For illustrative purposes, Fig. 3 shows the variation of the bifur-
cation stress (positive in compression) with the length/width ratio
L, for b ¼ 33:3 and a uniaxial bilinear stress–strain law character-
ised by E = 70 GPa, Et ¼ 30 GPa; ryð0Þ ¼ 100 MPa and m ¼ 0:3. As
expected, the bifurcation loads associated with deformation theory
are signiﬁcantly lower than those stemming from incremental the-
ory (which obviously fall below the elastic ones). It is quite inter-Fig. 3. Rectangular plates:esting to observe that, for each constitutive model, the local
maxima of the simply supported curve lie on top of the corre-
sponding simply supported and built-in curve.5.3. Local-plate buckling of rectangular hollow sections
After assuming a particular buckling mode shape, it is a quite
straightforward task to derive GBT-based closed-form semi-analyt-
ical solutions (formulae). In order to illustrate this statement, let us
examine the local-plate buckling of uniformly compressed rectan-
gular hollow section (RHS) stub-columns. As shown in Fig. 4, thevariation of rb with L.
42 R. Gonçalves et al. / International Journal of Solids and Structures 47 (2010) 34–50buckling pattern exhibits double symmetry and, therefore, only a
quarter of the cross-section needs to be analysed. This local-plate
mode shape may then be closely approximated by the sinusoidal
function
w ¼ cos 2py
hþ b
 
 cos ph
hþ b
 
¼ cos 2py
bðgþ 1Þ
 
 cos pg
gþ 1
 
; ð107Þ
where g ¼ h=bP 1, which (i) ensures the satisfaction of conditions
w;yð0Þ ¼ w;yðb=2þ h=2Þ ¼ 0 (symmetry) and wðh=2Þ ¼ 0 (see Fig. 4)
and (ii) corresponds to the exact solution for g ¼ 1 (square hollow
section). By adopting this buckling mode shape, one obtains
½Cs11 ¼
Cxxt bt
3
12
ðgþ 1Þw ½D11 ¼
2p2t3
3bðgþ 1Þ ð2Gt þ C
xy
t Þ
½B11 ¼
4Cyyt p4t3
3b3ðgþ 1Þ3
½X11 ¼ btðgþ 1Þw ð108Þ
rb ¼  p
2
12h2w
g
gþ 1
 2 mðgþ 1Þ
gL
 !2
wCxxt
0
@
þ16Gt þ 8Cxyt þ
4gL
mðgþ 1Þ
 !2
Cyyt
1
A ð109Þ
where
g ¼ h=bP 1; L ¼ L=h; h ¼ h=t;
w ¼ 1þ 2 cos2 pg
1þ g
 
: ð110Þ
The minimum bifurcation stress occurs for a member length gi-
ven by (80), i.e.,
Lcr ¼ Lcr=h ¼ mðgþ 1Þ2g
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
wCxxt =C
yy
t
4
q
: ð111Þ
This result makes it possible to rewrite (109) in the more com-
pact formFig. 5. Elastic local-plate bucklingrb ¼  p
2
3h2w
g
gþ 1
 2
ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
wCxxt C
yy
t
q
ðK2 þ 1=K2Þ þ 4Gt þ 2Cxyt Þ;
ð112Þ
where K is a normalised length ratio deﬁned by
K ¼ L=Lcr: ð113Þ
The minimum bifurcation stress corresponds to K ¼ 1 and,
therefore, is given by
rb;min ¼  2p
2
3h2w
g
gþ 1
 2
ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
wCxxt C
yy
t
q
þ 2Gt þ Cxyt Þ: ð114Þ
For linear elastic materials, the above expressions may be writ-
ten in the standard plate buckling notation
rb ¼  kp
2E
12ð1 m2Þ
t
h
 2
ð115Þ
where k and kmin are the plate buckling coefﬁcients, given by
k ¼ 4
w
g
gþ 1
 2
ð
ﬃﬃﬃ
w
p
ðK2 þ 1=K2Þ þ 2Þ ð116Þ
kmin ¼ 8w
g
gþ 1
 2
ð
ﬃﬃﬃ
w
p
þ 1Þ: ð117Þ
Fig. 5 makes it possible to compare the k values provided by
(116), (117) and yielded by ﬁnite strip (FS) analyses carried out
in the code CUFSM (Schafer, 2003), for 1 6 g 6 2 and 1 6 K 6 2. As
mentioned before, for g ¼ 1 (square cross-section) (107) consti-
tutes the exact solution and, therefore, the k values obtained from
(116) are exact. However, the FS results for g ¼ 1 are 1.3% below
the exact solution, a difference that must be taken into account
when comparing the values corresponding to g – 1. The curves
presented in Fig. 5 show that the difference between the analytical
and FS kmin values increases gradually as g grows, which means
that (107) progressively departs from the exact solution. Incoefﬁcients for RHS members.
(a)
(b)
Mode 1
Mode 5
Mode 2
Mode 6
Mode 3
Mode 7
Mode 4
Mode 8
Fig. 6. Lipped channel (a) cross-section geometry and (b) shapes of the ﬁrst eight GBT deformation modes.
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ðg ¼ 1:5Þ and 3.5% ðg ¼ 2Þ – however, they decrease as the distance
to the curve minimum grows. Moreover, it is also interesting to ob-
serve that, as predicted, the numerical minima occur for K ¼ 1.3 Concerning this model, the column length and cross-section mid-line are
discretised into 20 and 18 8-node shell elements, respectively – in the latter case5.4. Aluminium lipped channel columns
One now analyses simply supported lipped channel columns
with the cross-section geometry shown in Fig. 6(a) (Gonçalves
and Camotim, 2004), adopting once again the constitutive relation
(47), with E ¼ 70 GPa; r0:2 ¼ 200 MPa; m ¼ 0:33 and a ¼ 5 (typical
values for an aluminium alloy). The cross-section is discretised into
six natural and seven auxiliary nodes (three web intermediate
nodes, one intermediate node per ﬂange and one end node per
lip), which leads to 13 deformation modes: (i) four Vlasov modes
(axial extensionr, majors and minort axis bending and torsion
u), (ii) two distortional modes ðv;wÞ and (iii) seven local-plate
modes. The shapes of the ﬁrst eight deformation modes are de-
picted in Fig. 6(b) and Table 1 shows the corresponding diagonal
components of the GBT matrices, calculated for an elastic material
behaviour ðep ¼ 0Þ.
Fig. 7 displays the GBT-based bifurcation stresses concerning
single half-wave buckling (m = 1), obtained by means of (i) the ana-2 These percentages are calculated with respect to the values provided by (117).
the discretisation includes one element per corner, to compensate for the absence of a
drilling degree-of-freedom in the shell element formulation.lytical formula (78), for single-mode buckling (using the data given
in Table 1), and (ii) the numerical solution of (77), for multi-mode
buckling (all deformation modes included in the analysis). The
modal participation diagrams displayed in the bottom of Fig. 7
make it possible to assess how important is the contribution of
each GBT deformation mode to the column buckling mode. More-
over, the proximity between the thicker (all modes) and thinner
(single mode) curves provides clear evidence that formula (78),
concerning single-mode buckling, may be used to obtain accurate
estimates of the column true single half-wave bifurcation stresses:
(i) mode v for short-to-intermediate columns (or half-wave
lengths), (ii) mode u for intermediate-to-long columns and (iii)
modet for very long columns – in addition, modex also provides
accurate estimates for very short columns (not shown in Fig. 7).
Fig. 8, on the other hand, provides a comparison between the
column critical bifurcation stresses obtained through (i) ‘‘all m”
GBT-based analyses (with all modes included), (ii) FS analyses
(CUFSM – linear elastic material behaviour only) and (iii) SFE analy-
ses based on the model developed by Le Grognec (2001).3 Also in-
cluded is the GBT-based single half-wave (m = 1) buckling curve, i.e.,
the thicker curve already presented in Fig. 7. As for Fig. 9, it shows,
Table 1
Elastic modal cross-section properties for the lipped channel cross-section.
i ½Crii=E ½Csii=Cxx ½Drii=G ½Dsii=Cxy ½Bii=Cyy ½Xii
1 600 0 0 0 0 0
2 1:0600 106 156.25 0 0 0 600
3 300:00 103 156.25 0 0 0 600
4 602:59 106 737:55 103 1250 0 0 2:7538 106
5 18.037 0.81892 3:5054 103 27:466 106 151:66 109 2.3109
6 19.736 0.69691 3:9783 103 103:02 106 365:91 109 2.1525
7 1.1152 66.155 0.33657 78:151 103 144:50 106 127.06
8 1.8279 94.915 1.5054 0.28009 939:44 106 182.31
Fig. 7. Lipped channel column GBT single mode and multi-mode bifurcation stresses and participation factors for single half-wave buckling (m = 1).
Fig. 8. Lipped channel column critical bifurcation stresses.
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Fig. 9. Lipped channel column buckling mode shapes yielded by GBT-based and shell ﬁnite element analyses (elastic–plastic material, incremental theory).
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columns with different lengths (incremental theory only5). The
observation of all these results prompts the following remarks:4 Note that the GBT-based buckling mode shapes are 3-dimensional representa-
tions of results provided by a 1-dimensional (beam) formulation.
5 Since there is a perfect coincidence between the GBT-based buckling mode
shapes yielded by incremental and deformation theories, both may be deemed
represented in Fig. 9. It is also worth mentioning that the SFE model does not provide
true buckling mode shapes – instead, they are post-critical deformed conﬁgurations
adjacent to the bifurcation point (suitably scaled and having all the pre-buckling
deﬂections removed).(i) There is an excellent agreement between the elastic results
yielded by the three formulations, thus demonstrating that
GBT-based linear stability analyses provide extremely accu-
rate results with a very small computational cost.
(ii) The plastic results obtained with the SFE model fall slightly
below the GBT incremental theory curve (the difference
never exceeds 7%) and practically coincide with the GBT
deformation theory curve. This correlation was to be
expected, since the GBT analysis allows for a quite straight-
forward modelling of the uniaxial stress state and boundary
conditions (pinned and free-to-warp end sections) - no such
simplicity exists with the SFE model, for which localised
(a)
(b)
Mode 1
Mode 5
Mode 2
Mode 6
Mode 3
Mode 7
Mode 4
Mode 8
Fig. 10. RHS (a) cross-section geometry and (b) eight ﬁrst GBT deformation mode shapes.
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tions and lowering the bifurcation stress values. Moreover,
the SFE analyses take into account the pre-buckling deﬂec-
tions (unlike the GBT linearised buckling ones).
(iii) The plastic buckling mode shapes yielded by the GBT and
SFE analyses are also in excellent agreement. Depending
on their length, the columns may buckle in ðiii1Þ a mode
combining local-plate and symmetric distortional contribu-
tions (vþx, for L = 15.8 cm), ðiii2Þ a symmetric distortional
mode with one, two or three half-waves (v, for L = 33.6 cm,
L = 55 cm and L = 92 cm) or ðiii3Þ a distortional–ﬂexural–tor-
sional mode (sþuþw, for L = 104.3 cm).6 The columns cross-section mid-line and length are now discretised into 12 and 20
elements, respectively (as before, one element per cross-section corner is included).5.5. Stainless steel rectangular hollow section columns
Finally, one addresses the buckling behaviour of rectangular
hollow section (RHS) columns with the cross-section dimensions
shown in Fig. 10(a) and the constitutive law deﬁned by the Ram-
berg–Osgood parameters E ¼ 200 GPa; r0:2 ¼ 300 MPa; m ¼ 0:3
and a ¼ 5, which correspond to a stainless steel alloy. The GBT
cross-section analysis is based on a discretisation involving four
natural and ten (three per web and two per ﬂange) intermediate
nodes, thus leading to 15 deformation modes (Gonçalves and
Camotim, 2004): axial extension r, minor s and major t axisbending, torsion u, distortion v and 10 local-plate modes.
Fig. 10(b) shows the shapes of the ﬁrst eight of these 15 modes.
Like Fig. 7, Fig. 11 displays (i) single half-wave (m = 1) bifurca-
tion stresses obtained by means of the analytical formula (78) (sin-
gle-mode buckling) and the numerical solution of (77) (multi-
mode buckling), and (ii) modal participation diagrams. These re-
sults clearly show that the column buckling behaviour is mostly
governed by the GBT cross-section deformation modes s (minor
axis bending) and w (local-plate). Obviously, the minor axis ﬂex-
ural buckling stresses may be straightforwardly obtained from
(87). It is interesting to compare the present numerical results (ob-
tained from a genuine GBT cross-section analysis) with the values
yielded by the approximate formulae derived in Section 5.3 – this
comparison is presented in Fig. 12, where one readily observes that
a virtually perfect match has been achieved.
Finally, Figs. 13 and 14 are similar to Figs. 8 and 9: while the for-
mer provides a comparison between the critical buckling stresses
yielded by the GBT-based (all m), FS and Le Grognec’s SFE analy-
ses,6 the latter compares the GBT and SFE plastic buckling mode
shapes (obtained with incremental theory). One may draw the fol-
lowing conclusions:
Fig. 13. RHS column critical bifurcation stresses.
Fig. 12. RHS column GBT-based local-plate bifurcation stresses (m = 1).
Fig. 11. RHS column GBT single mode and multi-mode bifurcation stresses and participation factors for single half-wave buckling (m = 1).
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Fig. 14. RHS column buckling mode shapes yielded by GBT-based and shell ﬁnite element analyses (elastic–plastic material model, incremental theory).
Fig. 15. RHS column with L = 15 cm: GBT bifurcation stress and SFE equilibrium path.
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again in excellent agreement, thus conﬁrming the accuracy
of the GBT-based linear stability analyses.
(ii) The SFE local-plate plastic bifurcation stresses underesti-
mate the GBT-based results associated with the incremental
theory by a fair amount (the difference reaches 19%) but
continue to lie above the GBT deformation theory curve
(note that the two GBT plastic buckling curves are now con-
siderably more far apart than in the case of the lipped chan-
nel columns). A possible explanation for this discrepancy
resides in the well-known high imperfection sensitivity of
structural systems bifurcating in the plastic range, which is
properly captured by the SFE analyses. In order to illustrate
this statement, Fig. 15 shows the GBT bifurcation stress8 and
the SFE model equilibrium path concerning a column with
L = 15 cm. One observes a typical imperfection-sensitive
behaviour: soon after the bifurcation point, the bifurcated
branch attains a limit point (subcritical bifurcation). As
mentioned earlier, geometrical imperfections are often gen-
erated in the SFE model by the occurrence of stress concen-
trations associated with the modelling of the boundary
conditions.
(iii) The GBT and SFE plastic buckling mode shapes again corre-
late extremely well. Depending on their length, the columns
may buckle in a local-plate mode with one or three half-
waves (w, for L = 10 cm and L = 20 cm) or a minor axis ﬂex-
uralmode (s, for L = 100 cm). TheGBT bucklingmode shapes
stemming from incremental and deformation theory are still
qualitatively similar (the latter are not shown) – however,
note that, according to deformation theory, the L = 100 cm
column bifurcates in a local-plate mode (see Fig. 13).6. Conclusion
This paper presented the derivation and illustrated the applica-
tion of GBT-based semi-analytical formulae to determine plastic
bifurcation loads of uniformly compressed and perfectly straight
thin-walled plates and columns. The formulae were obtained on
the basis of computationally efﬁcient GBT-based linear stability
analyses, using Hill’s comparison solid method and adopting J2
small-strain incremental and deformation plasticity theories.
Several illustrative examples were presented and discussed,
concerning (i) the buckling of rectangular plates with simply sup-
ported and built-in edges, (ii) the local-plate buckling of simply
supported RHS stub-columns and (iii) the local and global buckling
of simply supported lipped channel and RHS columns. While for
the rectangular plates, the derived analytical formulae correspond
to exact solutions, for the columns, their accuracy was assessed by
means of (i) CUFSM ﬁnite strip analyses (elastic materials) and (ii)
shell ﬁnite element analyses based on a model developed by one
of the authors (elastic and plastic materials). Although a virtually
perfect agreement was found between all the elastic results ob-
tained, the plastic results yielded by the SFE model fall slightly be-
low the GBT incremental theory ones and practically coincide with
the GBT deformation theory values. A logical explanation for this
discrepancy resides in the fact that the GBT analysis allows for a
quite straightforward modelling of the uniaxial stress state and
boundary conditions, whereas the use of a SFE model entails the
occurrence of localised stress concentrations that act as geometri-
cal imperfections, thus lowering the corresponding plastic bifurca-7 Note that only three elastic SFE results are presented (L/h = 20, 32 and 60).
8 Since the GBT linear stability analyses neglect the pre-buckling deﬂections and
correspond to an eigenvalue solution, they are not capable of providing post-buckling
equilibrium paths.tion stresses. In addition, the SFE analyses include the inﬂuence of
the pre-buckling deﬂections, which is completely neglected by the
GBT linear stability analyses.
It should be stressed that the developed GBT-based formulae
are found to be quite accurate whenever the simplifying assump-
tions underlying their derivation remain valid. In particular, they
may be very useful to generate benchmark results for future stud-
ies involving the plastic bifurcation behaviour of compressed thin-
walled members.
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